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The properties of antihydrogen (H¯) have, thus far, been probed at magnetic fields of ∼ 1 T. It
may be fruitful to perform some of these measurements at magnetic fields approaching 0 T. In this
case, there could occur zeros in the magnitude of the B-field. The number and properties of the
magnetic field zeros are investigated. For typical magnetic field geometries in H¯ traps, the zeros
will occur as two groups of 5 closely spaced points instead of as a single point. Except in special
cases, results from calculations show that these 10 zeros can be treated as independent sources of
spin flip probability. Although the behavior of Majorana spin flip near higher order zeros should
not be important in the H¯ traps, the probability for spin flip is calculated for the case of a quadratic
zero. Finally, results are presented for a simple model of how magnetic field zeros would affect the
trapped population of H¯.
I. INTRODUCTION
More than 30 years ago, an effort was started to mea-
sure properties of the antihydrogen (H¯) atom with the
goal of comparing them with their matter counterpart[1].
Because the properties of H and H¯ should be exactly the
same by the CPT theorem, any difference would repre-
sent a fundamental discovery[2]. It is very difficult to
generate any neutral antimatter atom or molecule be-
yond H¯ which means it is fortunate that so many prop-
erties of H are known to ultrahigh precision. In 2002,
cold H¯ was experimentally formed at CERN[3, 4]. In
2010, the ALPHA collaboration trapped H¯[5] and within
a year[6] demonstrated that the H¯ could be held for an
extensive time, sufficient for precision measurements. To
date, only the ALPHA collaboration has measured any
property of the H¯ atom although several groups are at-
tempting to measure various properties. Examples of
precision measurements include the hyperfine splitting of
the 1S states[7, 8], the charge of the H¯[9, 10], the energy
difference between the 1S and 2S states[11, 12], and the
Lyman-α transition[13]. Extensions of these measure-
ments could lead to accurate determination of other pa-
rameters. For example, a more accurate measurement of
the Lyman-α transition would give the Lamb shift or the
measurement of another narrow linewidth transition (e.g.
2S-4S) would allow the determination of the antiproton
radius and the H¯ Rydberg constant.
The H¯ ground state has 4 non-degenerate levels in
a magnetic field. By convention these are labeled
1Sa, 1Sb, 1Sc, 1Sd from lowest to highest energy, see
Fig. 1 of Ref. [7]. The 1Sa, 1Sb states have decreas-
ing energy with increasing B and, thus, are high field
seeking states which are expelled from a magnetic trap.
The 1Sc, 1Sd states have increasing energy with increas-
ing B and can be trapped. Above ∼ 0.1 T, the states
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are effectively two pairs of states with a magnetic mo-
ment approximately that of a free electron giving a slope
of (dE/dB)/kB ≃ ±2/3 K/T. For small magnetic fields
(less than ∼ 0.01 T), the states are more accurately rep-
resented as hyperfine eigenstates with an F = 0 state
1420 MHz below the F = 1 states. For small B-field,
the F = 1 state is split to MF = 1, 0,−1 in increasing
order of energy. The MF = 0,−1 are the states that
adiabatically connect to the trappable states.
Within the past few years, the ALPHA collaboration
has successfully performed several high precision mea-
surements as enumerated in the first paragraph. The
trapping region is a tube of length ∼ 25 cm and radius
∼ 2 cm. We will denote motion along the axis to be axial
motion represented by z while the radial or angular mo-
tions will be represented by x, y. Measurements in this
trap have taken place in magnetic fields of ∼ 1 T which
forces a comparison between the measured H¯ transition
frequencies and calculated frequencies using the known
properties of the positron and antiproton (e.g. masses,
charges, and magnetic dipole moments). If the magnetic
field were smaller, then some of the terms in the calcu-
lation of transition frequencies become irrelevant. As an
example, the diamagnetic shift of the 1S − 2S frequency
would be less than 0.4 Hz for B = 1 mT[14]. As another
example, the shift in energy due to the motional Stark
effect was estimated to be ∼ 300 Hz in a 1 T field[14]
but would be much less than 1 Hz in a 1 mT field since
the shift is proportional to B2. This suggests that the
path to, for example, ∼ 1 − 10 Hz accuracy will be for
the experiments to occur at smaller magnetic field.
One of the difficulties of working at a smaller B-field
is that it might accidentally go to zero. In this case, the
two trapped states, MF = 0,−1, could suffer a Majorana
spin flip if the H¯ passes too close to a B-field zero[15–17].
The Majorana spin flip occurs because the body frame
direction of the B-field changes more rapidly than the
precession frequency when passing near the zero. For
H¯, the situation is somewhat complicated because the
2energies of the F = 1 state are not exactly −µBMF .
However, for the size of B where the spin flip is possible,
the linear dependence of the energy on B is good enough
to obtain accurate spin flip cross sections. The main
complicating factor for traps like that in the ALPHA
device is that there is more than one zero and the zeros
can be closely spaced, depending on the parameters, 5
zeros can be separated by less than 1 mm. This special
condition warrants an investigation of the physics of spin-
flip in this type of trap.
This paper is organized as follows. Section II gives the
possible forms of the B-field near the zeros. Section III
gives analytic expressions for the spin flip cross section
and rate which are accurate when the zeros are separated.
Section IV contains a comparison between the analytic
approximation to the cross section and a fully numerical
result; conditions are given for when the analytic approx-
imation is accurate. Section V contains results for how
the spin flip affects the energy distribution of trapped
H¯s. There is a short conclusions section, Sec. VI. Sec-
tion VIII is a short appendix that, for completeness, gives
the derivation of the spin flip cross section for an isolated
zero.
II. FORM OF ~B NEAR ZEROS
For the Majorana spin flip process, the velocity of the
H¯ and the variation of the B-field near | ~B| = 0 deter-
mines the spin flip probability. Away from the zero, the
H¯ magnetic moment adiabatically follows the magnetic
field direction. To get a sense of the relevant scales, the
precession of the positron spin is ∼ 30 MHz at 1 mT.
Since only H¯s with kinetic energy less than ∼ 1/2 K are
trapped, their speed is a few 10’s m/s. At 1 mT, the H¯
travels ∼ 1 µm during one precession period. The spatial
variation of the magnetic field near a zero is ∼ 1 T/m.
Taking the change in B during one precession period
to be ∼ 10× smaller than B suggests that only regions
where the magnetic field is less than ∼ 0.1 mT are im-
portant for spin flip.
To obtain an idea of how many and where the magnetic
zeros appear, we numerically found the zeros for the mag-
netic field trap used in Refs. [8, 11–13] but shifted Bz so
that it was slightly negative, Bz = −0.01 T, in the central
region instead of ∼ 1 T. A schematic drawing of the trap
is in any of these papers. Mirror coils provide the axial,
z, confinement while octupole coils provide confinement
in x, y. The radius of the trap is approximately 22 mm.
The on axis Bz is shown in Fig. 1 where the trapping
region is between the Bz-maxima near z = ±138 mm.
This magnetic field is mainly generated with 5 mirror
coils. The outer two coils give a large positive Bz on
axis leading to the maxima. The middle 3 mirror coils
have opposite current (bucked) to the outer coils giving
a flattened B-field in the central region. This flattening
is desirable because it increases the precision of the spec-
troscopic measurements and leads to a larger resonance
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Figure 1. Bz on the trap axis as a function of the axial po-
sition. z = 0 corresponds to the trap center. This magnetic
field is the superposition from 5 mirror coils. The dashed
(blue) line is 10× Bz.
region for the transitions whose frequencies are shifted
by B. A nearly uniform B-field along z sets the overall
size of the on axis field. The octupole field is nearly zero
on axis but plays a large role off axis.
The 10× Bz in Fig. 1 makes clearer the two axial posi-
tions where the B-field is near 0. There is a group of zeros
near z = −52 mm and another near z = 52 mm. Figure 2
shows the x, y positions of the zeros near z = −52 mm.
There is one zero nearly on axis and 4 that are at nearly
the same radius and separated by 90◦. The off axis zeros
near z = 52 mm are rotated by approximately 45◦ from
those shown in Fig. 2. Without the octupole field, there
is only one zero and it is nearly on axis. The combina-
tion of the octupole field and the radial component of
the magnetic field from the mirrors lead to the 4 off axis
zeros.
The form of the magnetic field near the possible zeros
is described in this section for the case of an octupole field
in x, y plus a cylindrically symmetric field that varies in
x, y, z. This geometry is important for the antihydrogen
traps because both ALPHA and ATRAP have this mag-
netic field structure. For an idealization of either appa-
ratus, there is an octupole magnetic field that increases
with the radial distance from the center of the trap but
whose magnitude has no dependence on the axial coordi-
nate. There will also be a cylindrically symmetric mag-
netic field with a z-dependence on axis which is a low
power, e.g. z1. Two or more mirror coils can generate
axially confining fields that are proportional to z2 near
the minimum or higher power (e.g. z4 or z6) when using
5 mirror coils as in ALPHA.
This idealization of the magnetic field is accurate away
from the trap walls and in the region where the B-field
is near its minimum value. The octupole field seriously
deviates from the idealization only near the end of the
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Figure 2. Positions of the magnetic field zeros near z =
−52 mm using the full model of the ALPHA trap. The cen-
tral zero is actually ≃ 16 µm off the axis and is at a slightly
shifted axial position (z = −51.84 mm) compared to the off
axis zeros (z = −51.96 mm).
octupole coils and near the walls (r ≃ 22 mm), but the
zeros discussed below are always within the axial central
half of the trap and far from the walls, see Fig. 2 and the
caption. The B-fields from the mirrors only deviate from
cylindrical symmetry due to the leads or manufacturing
imperfections. Thus, the deviations from the ideal case
should only lead to small linear terms near the zero which
will only slightly modify the variation of the magnetic
field. We compared our calculations of spin flip probabil-
ity using the idealization to those using a full model of all
of the ALPHA coils and found only negligible differences
once the positions of the zeros were matched.
A. Octupole magnetic field
We will approximate the octupole field with the form
~Bo(x, y, z) =
Bw
r3w
(−x3 + 3xy2,−y3 + 3yx2, 0)
=
Bwr
3
r3w
[−eˆr cos(4φ) + eˆφ sin(4φ)] (1)
where rw is the radius of the trap wall, Bw is the mag-
nitude of the octupole field at rw, r
2 = x2 + y2, eˆr =
eˆx cos(φ) + eˆy sin(φ), and eˆφ = −eˆx sin(φ) + eˆy cos(φ).
This octupole field has the property | ~Bo| = (r/rw)3Bw.
The form of the octupole field in Eq. (1) will give ze-
ros that are rotated from those shown in Fig. 2 but this
rotation has no effect on the probability for a Majorana
spin flip when averaged over all possible trajectories from
trapped H¯s. We have chosen this form, instead of that
rotated to match Fig. 2, to simplify the analysis below.
In all of the calculations below, we use Bw/r
3
w =
1.375×105 T/m3 which is a typical value used in ALPHA
experiments.
B. Octupole plus linear variation
The magnetic field which is cylindrically symmetric
and has linear spatial dependence is
~Bc =
B1
L
(x, y,−2(z − z0))
=
B1
L
[reˆr − 2(z − z0)eˆz] (2)
where −2B1/L is the slope of Bz on the axis at the zero
which is at (0, 0, z0).
The zeros of the total magnetic field are the positions
where all components of ~Bo + ~Bc are zero. Since the oc-
tupole field has no z-component, all of the zeros are where
Bc,z = 0. This means all of the zeros have z = z0. From
the caption of Fig. 2, this is a good approximation to the
actual B-field where the differences in the z-position of
the zeros are less than ≃ 0.1 mm. The off axis zeros can
be found by setting the coefficient of eˆφ and eˆr separately
equal to 0. Since the cylindrically symmetric field, ~Bc,
does not have a eˆφ component, this conditions sets the
angles of the zeros from sin(4φ0) = 0: φ0 = nπ/4 with
n = 0, 1, 2, ..., 7. Lastly, the coefficient of the eˆr gives
− Bw
r3w
cos(4φ0)r
3
0 +
B1
L
r0 = 0 (3)
which can only be zero if cos(4φ0) > 0 when B1/L >
0. This means only 4 of the angles allowed by the eˆφ
condition give zeros for the eˆr condition: φ0 = nπ/2
with n = 0, 1, 2, 3. If B1/L < 0, then the allowed angles
are rotated by 45◦ from the values for B1/L > 0. This
feature matches that in the actual B-field. At each of
these angles, the radius is the same value
r0 =
√
B1r3w
BwL
. (4)
These zeros have the same properties as those from the
actual field: the off axis zeros have nearly the same radius
and are separated by 90◦. As described in Sec. II A,
the angles do not match Fig. 2 because of the choice of
orientation of the octupole B-field (chosen for simplicity
of the resulting analysis).
To give an idea of sizes, the off axis zeros in Fig. 2 are
at r0 ≃ 2.225×10−3m. Using Bw/r3w = 1.375×105 T/m3
from the previous section gives B1/L = 0.681 T/m.
For the Majorana spin flip, the variation of ~B in the
neighborhood of a zero is important. The spatially linear
variation (x, y, z) = (x0+δx, y0+δy, z0+δz) has the form
~B =
B1
L
(δx, δy,−2δz) +O(δ3) (5)
for the on axis zero where O(δ3) indicates the correction
is cubic in the position change. For the off axis zero at
4φ0 = 0 (i.e. on the x-axis), a Taylor series expansion
gives
~B = −2B1
L
(δx,−2δy, δz) +O(δ2) (6)
which has the same form as for the central zero except
with a rotated coordinate system and double the slope.
All of the off axis zeros have these properties: same form,
double the slope of the central zero, and rotated coordi-
nate system.
An important question is whether the zeros will give
independent spin flip probabilities for most trajectories
or whether the nearness of other zeros will affect the spin
flip process. As will be shown in Sec. IV, the zeros give
independent contributions to the cross section as long as
the separation is larger than (approximately) the square
root of the spin flip cross section. This situation always
occurs at large B1/L since the separation increases with
increasing B1/L while the cross section decreases. The
simulations show where this approximation gives good
results and where it is poor.
C. Octupole plus quadratic variation
The magnetic field which is cylindrically symmetric
and has quadratic spatial dependence is
~Bc = (0, 0, B0) +
B2
L2
(−xz,−yz, z2 − 1
2
r2)
=
(
B0 +
B2
L2
[z2 − 1
2
r2]
)
eˆz − B2
L2
rzeˆr (7)
where the on axis minimum of Bz is B0 at z = 0 and
B2/L
2 is half the curvature of the B-field on axis. When
only the outer coils make the magnetic trap, the B2/L
2 ∼
15 T/m2. When the field is flattened as in Fig. 1, there
can be inadvertent minima when attempting to obtain
a flattened B-field with B2/L
2 ∼ 1 T/m2 or somewhat
smaller.
There can only be zeros on axis if B0 < 0 and they
are at z0 = ±
√
−B0L2/B2 and r0 = 0. The off axis case
is a bit more complicated. The eˆφ condition still gives
sin(4φ0) = 0: φ0 = nπ/4 with n = 0, 1, 2, ..., 7. The eˆr
condition gives
− B2
L2
r0z0 − Bw
r3w
r30 cos(4φ0) = 0 (8)
which restricts φ0 = nπ/2 with n = 0, 1, 2, 3 if z0 < 0
and φ0 = nπ/4 with n = 1, 3, 5, 7 if z0 > 0. These
relations explain why the off axis zeros were rotated by
45◦ in the actual magnetic field associated with Fig. 1.
This also gives the relationship r20 = L|z0| with L =
(r3w/Bw)(B2/L
2). The condition from eˆz gives
z20 −
1
2
L|z0| − z20,a = 0 (9)
where z20,a = −B0L2/B2 is from the on axis zero. There
is a small range of cases where there are zeros with pos-
itive B0 but it is less than ∼ 10−8 T and, therefore,
experimentally irrelevant. For B0 ≤ 0,
|z0| = L
4
+
√
(L/4)2 + z20,a and r0 =
√
L|z0| (10)
where z20,a ≥ 0.
It is worth considering the sizes of various terms using
B2/L
2 ∼ 10 T/m2 and Bw/r3w ∼ 105 T/m3. The case
B0 = 0 is simple giving |z0| = (B2/L2)/(2Bw/r3w) and
r0 = |z0|/
√
2. This gives a z-separation of ∼ 0.1 mm
and a similar size for r0 implying that B0 = 0 might lead
to interesting results. However, even relatively small B0
leads to the approximation in Sec. II B working well. For
example, B0 = −1 mT and B2/L2 = 10 T/m2 gives a
separation in z of 20 mm while changing to B0 = 0.1 mT
gives a separation of 6.3 mm. Therefore, only the B0 = 0
case is probably of interest.
D. Octupole plus quartic variation
For the flatter potentials (like that pictured in Fig. 1),
the zeros become like the case of well separated linear
zeros, Sec. II B. For example, in Fig. 1, the zeros for the
caseBz(0, 0, 0) = −10 mT gave a separation of∼ 104 mm
while −1 mT gave a separation of ∼ 80 mm. It is likely
that imperfections in the magnetic field will mean this
case will never be experimentally interesting.
III. FLIP CROSS SECTION AND RATE:
LINEAR ZERO APPROXIMATION
As a baseline, the Majorana spin flip probability will
be calculated for a single zero. Since all of the ze-
ros, Eqs. (5,6), have a linear approximation of the form
Eq. (2) (except rotated), we only discuss the spin flip
for that case. The time dependent magnetic field at the
atom is determined by the motion of the atom which is
assumed to be a straight line at constant speed. To sim-
plify the analysis, the origin of the coordinate system is
at the zero of the magnetic field. The position of the H¯
is given by
~r(t) = ~b+ ~vt (11)
where b is the impact parameter, v is the speed, and we
define the time of closest approach as t = 0 which means
~b · ~v = 0. Since the position linearly depends on time
and the magnetic field linearly depends on the position,
the magnetic field linearly depends on time. For this
case, Landau-Zener type theories can be used to analyt-
ically obtain the transition probability between different
states[18]. From the probability as a function of ~b and
~v, cross sections for particular transitions have been ob-
tained before[16–18]. For completeness, the derivation of
the flip probability is given in the appendix, Sec. VIII.
5For H¯, the upper two energy levels of the F = 1 state
are the only ones that are trapped in the magnetic field.
The upper level is MF = −1 and the next level is MF =
0. The cross section for various flip processes is calculated
from the transition probability which is a function of ~b
and ~v for a given H¯ speed, v. The derivation of the
cross section for one linear zero is given in the appendix,
Sec. VIII,
σ1←−1 = σ(v) and σ0←−1 = 2σ(v)
σ−1←0 = 2σ(v) and σ1←0 = 2σ(v) (12)
where σ(v) = ~v/(µB1/L) with µ = 9.28× 10−24 J/T ≃
kB2/3 K/T, the magnetic moment of the positron. This
is an interesting result in that the flip rate, vσ, is propor-
tional to the kinetic energy of the H¯. Thus, the atoms
that are lost will tend to be the hottest.
For the case of the octupole plus linear variation in z,
there were 5 zeros. The 4 off axis zeros had twice the
slope as on the central axis. If all 5 zeros give an inde-
pendent contribution to the Majorana flip cross section,
the total cross section for the group of 5 will be
σ1←−1 = 3σ(v) and σ0←−1 = 6σ(v)
σ−1←0 = 6σ(v) and σ1←0 = 6σ(v) (13)
where σ(v) = ~v/(µB1/L). For the actual traps, there
are two groups of 5 zeros implying the total flip cross
sections are double these results.
IV. COMPARISON TO NUMERICAL
In this section, the spin flip cross section from the nu-
merical solution of the time dependent Schro¨dinger equa-
tion is presented.
The time dependent Schro¨dinger equation was solved
using the Crank-Nicolson method[19]:
~ψ(t+ δt) =
1− iHδt/(2~)
1 + iHδt/(2~)
~ψ(t) (14)
where the Hamiltonian, H in Eq. (23), is evaluated at
time t+δt/2. For spin-1, the Hamiltonian is a 3×3 matrix
so the solution of this matrix equation is relatively fast.
The somewhat tricky aspect of obtaining the cross
section is to determine the fraction of population
where MF has changed. The eigenstates when ~B =
B(sin θ cosφ, sin θ sinφ, cos θ) are
~ψ±1 =

 12 (1± cos θ)e−iφ1√
2
sin θ
1
2 (1∓ cos θ)eiφ

 ~ψ0 =

−
1√
2
sin θe−iφ
cos θ
1√
2
sin θeiφ


(15)
When solving the time dependent Schro¨dinger equation,
the magnetic field will start out in one direction and fin-
ish in another. We used these equations to start the wave
function at the initial time and to project onto the final
states. In the calculations, we started the time propa-
gation so that the H¯ is far enough from the zeros that
initially the state adiabatically follows the changing di-
rection of ~B and stopped the propagation when this con-
dition was again satisfied.
We found that using Eq. (11) did not give results that
converged well with the starting and final time. The
problem is that starting with Eq. (11) does not ade-
quately account for the slight difference between the adi-
abatic and actual wave function unless the magnetic field
is very large. This causes the calculations to be quite slow
because then the wave function needs to be propagated
for longer times and the time steps need to be smaller to
account for the larger energy splittings. We found that
a ~r(t) where the velocity smoothly turned on from 0 to ~v
and then smoothly turned back to 0 allowed for accurate
calculation of spin flip probabilities with relatively little
numerical effort. We used
d~vt(t)
dt
=
~v
τ
√
π
[
e−(t−ti)
2/τ2 − e−(t−tf )2/τ2
]
(16)
where τ is the duration of the turn-on and d~r(t)/dt =
~vt(t) for the time dependent position. We then solved
the time dependent Schro¨dinger equation from ti − 6τ
to tf + 6τ . As long as τ was much larger than ~/(µB)
with B evaluated at the starting and final time, then the
convergence was much faster with respect to ti, tf .
For the calculation of the cross section, we used a
Monte Carlo sampling of the vˆ and ~b. The random pa-
rameters were chosen as: b2 randomly chosen with a flat
distribution between 0 and b2max, vˆ randomly chosen with
a flat distribution on the surface of a unit sphere, and bˆ
randomly chosen from a flat distribution on the great cir-
cle defined by vˆ · bˆ = 0. The cross section for a transition
is the average probability for that transition times πb2max.
We checked for convergence with respect to bmax and the
number of trajectories. The bmax can be estimated from
Eq. (24) by setting Γ > 16/π for all angles and adding
this to the r0 of the off-axis zeros.
As a test of the program, we solved for the spin flip
cross section for the pure linear B-field, Eq. (2). We
found that the cross section only differed from the ana-
lytic value, Eq. (12), due to statistical sampling.
A. Octupole plus linear variation
In this section are the numerical results for the case
of the octupole plus linearly varying ~Bc described in
Sec. II B. For this case, we compared the cross section
for independent contribution from the 5 zeros, Eq. (13),
to that from a numerical calculation. In the numerical
calculation, we ran approximately 200,000 trajectories to
obtain adequate statistics for the Monte Carlo cross sec-
tion.
The case shown in Figs. 1 and 2 has a linear parameter
B1/L = 0.681 T/m. Using these parameters and v =
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Figure 3. The numerically calculated flip cross sections,
|∆MF | = 1 (red ∗) and |∆MF | = 2 (blue ×), compared to
the separated zero approximation, Eq. (13), solid red line and
blue dashed line. The statistical uncertainty is less than the
size of the symbols.
50 m/s, we found the Monte Carlo result to be the same
as Eq. (13) within the statistical uncertainty. For this
case, σ(v) = 8.33× 10−10 m2.
To understand when to expect the separated zero ap-
proximation, Eq. (13), to fail, we plot the numerically cal-
culated cross sections versusB1/L in Fig. 3. As in the ap-
proximation in Eq. (13), we found that the cross sections
for |∆MF | = 1 were all the same and those for |∆MF | = 2
were all the same. We also show the results for the sepa-
rated zero approximation, Eq. (13), as a comparison. As
can be seen, there starts to be noticeable differences when
B1/L < 0.03 for the |∆MF | = 1 case. At the lowestB1/L
calculated (0.01 T/m), the numerical result is more than
a factor of 2 smaller than the separated zero approxima-
tion. The |∆MF | = 2 is better matched by the approx-
imation with substantial difference only for the smallest
B1/L. It seems reasonable that the separated zero ap-
proximation will break down when the flip cross section
equals πr20 where the r0 is the radius of the off axis zeros,
Eq. (4). For the parameters in this section, this condi-
tion gives B1/L ∼ 0.022 T/m for the |∆MF | = 1 case
and B1/L ∼ 0.015 T/m for the |∆MF | = 2 case. These
values are reasonably close to where the differences begin
to appear in Fig. 3. For the |∆MF | = 1 case, this con-
dition is B1/L =
√
6~vBw/(µr3w) and is
√
2 smaller for
the |∆MF | = 2 case. Experimental control of magnetic
fields at this level is possible[8, 12].
B. Octupole plus quadratic variation
For this section, we will consider the cases where
1 T/m2 ≤ B2/L2 ≤ 10 T/m2 which is a reasonable
range for the H¯ traps. The case of an octupole field
plus quadratic cylindrical field, Eq. (7), has 3 situations
 0
 0.1
 0.2
 0.3
 0.4
-0.20 -0.15 -0.10 -0.05 0.00 0.05
σ
 
(m
m2
)
B0 (mT)
Figure 4. The numerically calculated flip cross sections,
|∆MF | = 1 (red ∗) and |∆MF | = 2 (blue ×), compared to
the separated zero approximation, Eq. (17), solid red line and
blue dashed line. The statistical uncertainty is less than the
size of the symbols
worth considering for these parameters: B0 > 0.025 mT,
B0 = 0 T, and B0 < −0.05 mT.
The case B0 > 0.025 mT is the simplest. The cross
section is, within numerical errors, consistent with 0. The
spin can adiabatically follow the changing direction of
~B for this case. We did not test how small can B0 be
before the cross section is non-negligible since 0.025 mT
is already below the accuracy for the experimental values
of trap parameters.
The next simplest case is B0 < −0.05 mT. In this
situation, there are two groups of 5 zeros near |z0| ≃√
−B0L2/B2 > 1.6 mm. In this case, the B-field in
the neighborhood of the zeros is approximately that of
the linear variation case with B1/L ≃ z0,aB2/L2 =√
−B0B2/L2. In this limit of B0, the zeros are relatively
separated so the approximation in Eq. (13) can be used.
For this case, the 10 zeros sum to give cross sections
σ1←−1 = 6σ(v) and σ0←−1 = 12σ(v)
σ−1←0 = 12σ(v) and σ1←0 = 12σ(v) (17)
where σ(v) = ~v/(µ
√
−B0B2/L2). The numerical re-
sults are compared to this approximation in Fig. 4. As
with the comparison in Fig. 3 for the linear zero, the
agreement between the separated zero approximation
and the numerical result is good until the separation of
the zeros is comparable to the square root of the cross
section.
The last important range is B0 ∼ 0. For this value
of B0, the cross section is finite instead of diverging as
in Eq. (17). The approximate size is that for the inde-
pendent zeros where the square root of the cross section
is comparable to the separation of the zeros as with the
case in Fig. 3.
7V. ANTIHYDROGEN LOSS MODEL
This section contains results for a simple model calcu-
lation for the loss of H¯s from a trap for the conditions of
Figs. 1 and 2. For this case there are 10 well separated
zeros and the cross section for the various flip processes
are twice the values in Eq. (13) with B1/L = 0.681 T/m.
In the ALPHA experiment, the volume of the trap
is ∼ 100 cm3 and they have demonstrated trapping of
∼ 100 atoms[12, 13, 20]. Thus, for absolute numbers
we will take the H¯ density to be 1 cm−3. Because the
trap depth is only ∼ 12kBK and the H¯s are formed at
much higher temperatures, the distribution of atoms is
approximately a flat distribution in velocity space within
a sphere corresponding to a kinetic energy of ≃ 12kBK
leading to a normalized distribution with respect to speed
of P (v) = 3v2/v3max. This distribution gives good agree-
ment with measurements[13, 21]. From these parameters,
we can estimate the rate for a spin flip process with cross
section σ = Cσ(v) with σ(v) = ~v/(µB1/L) to be
Γ = ρ
3
v3max
∫ vmax
0
Cvσ(v)v2dv =
3
5
ρvmaxCσ(vmax) (18)
where ρ is the number density of H¯s and vmax ≃ 91 m/s
for KEmax =
1
2kBK. Using these numbers, the |∆MF | =
2 rate (uses C = 6) is Γ ≃ 0.83 s−1 and the |∆MF | = 1
rate (uses C = 12) is twice this value. In the ALPHA
experiment, the two trapped states are formed with equal
probability so the loss rate is the average of these, Γ ≃
1.2 s−1. This suggests that the zeros can not be present
for more than a couple 10’s of seconds before a substantial
fraction of the H¯s are lost.
An important question is how the populations evolve
if the zeros are present for a substantial amount of
time. This is not completely trivial because the higher
energy H¯s are preferentially lost and because the ze-
ros mix the two trapped states as well as leading to
loss. We solved the coupled rate equations at each ve-
locity for the flat velocity distribution described above
with Emax =
1
2kBK. The H¯s were started with a flat
distribution in velocity and equal probability in the
MF = 0 and −1 states: the energy distributions are
P−1(E) = P0(E) = (3/4)E1/2/E
3/2
max. We then evolved
the distributions using twice the rates from Eq. (13) with
B1/L = 0.681 T/m. The results are shown in Fig. 5 for
the initial distribution and when 10% and when 30% of
the H¯s have been lost. As can be seen, the higher energy
H¯s are preferentially lost. Also, the distribution goes
from equal population in MF = 0 and −1 to a larger
fraction of MF = −1. This is because the loss rate from
MF = 0 is larger.
There are two major limitations of the model. The first
is that the higher energy H¯s are in, effectively, a spatially
larger trap. Although the trapping potential in Refs. [8,
11–13] are relatively flat, it is not an infinite square well.
This means that the higher energy H¯s will pass by the
zeros less often than in the simple model calculation. The
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Figure 5. The energy distribution of H¯s after different
amounts of interaction with B-field zeros. Both the MF = 0
and −1 states start with the distribution given by the black
solid line. At the time when 10% of the H¯s have been lost,
the MF = −1 distribution is the dashed (blue) line and the
MF = 0 distribution is the short dashed (orange) line. At the
time when 30% of the H¯s have been lost, theMF = −1 distri-
bution is the dotted (green) line and theMF = 0 distribution
is the dot-dashed (purple) line.
second is that the mixing between the different degrees
of freedom takes some time which can lead to depletion
of certain types of trajectories. Again, this will lead to
a somewhat smaller loss rate for the regions of phase
space that does not mix quickly. Reference [22] found
that the higher energy trajectories tended to mix more
quickly which might somewhat counteract the effect of
the somewhat larger trap volume at higher energy.
VI. CONCLUSIONS
A description was given of the type of B-field zeros
expected in H¯ traps. The octupole magnetic field that
gives trapping in the radial direction leads to the case
where the zeros will typically be in two groups of 5 zeros
with the two groups having a large axial separation. The
spacing of the zeros within a group of 5 is proportional
to the square root of the slope of the B-field on axis
and inversely proportional to the octupole strength. The
cross section for the Majorana spin flip is proportional
to the speed of the H¯ and inversely proportional to the
slope of the magnetic field on axis at the B-field zero. In-
terestingly, for typical octupole trapping fields, the cross
section is independent of the octupole field strength. Nu-
merical calculation of the spin flip cross section were per-
formed and were compared to analytic expressions for the
spin flip cross section. The analytic cross sections are ac-
curate as long as the square of the separation of the zeros
is larger than the spin flip cross sections.
The evolution of the trap population was calculated for
8a simple model. In this model, the H¯s have a flat velocity
distribution up to a maximum energy; this maximum
energy is the trap depth. This simple model showed that
the higher energy H¯s are preferentially lost and that an
equal distribution of MF = −1 and 0 states becomes
somewhat biased to MF = −1.
The results presented above may be useful in designing
a strategy for performing experiments on H¯ with small
B-fields. For example, since the loss rate for an indi-
vidual H¯ for typical parameters is ∼ 10−2 s−1 and that
the loss rate is highest just after the appearance of the
zeros, an experiment might slowly lower the uniform B-
field until the Majorana spin flips start occurring. At
that point, the B-field can be increased to the point that
the flips stop. As long as this manipulation occurs on a
time scale less than a couple 10’s of seconds, there will
not be a substantial loss of H¯s. Finally, it is possible to
use these zeros to diagnose properties of the magnetic
field that might be useful in experiments. For example,
in a measurement of the effect of gravity on H¯s, it is
important to not have a spatial gradient in the vertical
direction which can mimic the force from gravity. By
comparing the expected and measured positions where
the spin flips occur, the size of a spatial gradient in the
vertical direction can be diagnosed.
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VIII. APPENDIX
This section gives the derivation of the spin flip cross
section for completeness.
Start with the form for the magnetic field, Eq. (2) with
z0 = 0, and the position as a function of time, Eq. (11).
Define the magnitudes v, b and the angles α, β where
~v = v(sin(β), 0, cos(β))
~b = b(cos(α) cos(β), sin(α),− cos(α) sin(β)). (19)
In this equation, advantage has been taken of the cylin-
drical symmetry of the magnetic field to define the ve-
locity vector to be in the xz plane. The time dependent
magnetic field is then
~B(t) =
B1b
L
(cos(α) cos(β), sin(α), 2 cos(α) sin(β))
+
B1v
L
(sin(β), 0,−2 cos(β))t. (20)
The coordinate system is now rotated so that the term
multiplying t is purely in the z-direction and the constant
part of Bz is removed by defining t = 0 as the time of
smallest | ~B|:
~B(t) =
B1b
L
(
2 cos(α)√
1 + 3 cos2(β)
, sin(α), 0)
+
B1v
L
√
1 + 3 cos2(β)(0, 0, 1)t. (21)
Lastly, rotate in the xy plane so that By = 0 to find
~B(t) = eˆx
B1b
L
√
4 cos2(α)
1 + 3 cos2(β)
+ sin2(α)
+eˆz
B1v
L
√
1 + 3 cos2(β)t
≡ (Bx, 0, B˙zt) (22)
which defines the size of the transverse magnetic field and
the size of the time derivative of the magnetic field along
z. The Hamiltonian for the spin system is defined as
H = − µ
s~
~B(t) · ~S (23)
where s = 1 for the F = 1 case and would be s = 1/2 for
a spin-1/2 system.
We will first treat the more familiar spin-1/2 system
because there is only one spin flip possibility. Using
Landau-Zener formalism,[15–18] the spin flip probability
for a spin-1/2 system would be
P−1/2←1/2 = e
−2piΓ with Γ =
µB2x
2~B˙z
. (24)
To obtain the cross section for the spin flip, the probabil-
ity needs to be averaged over cos(β) and α and integrated
over 2πbdb:
σ(v) =
2π
4π
∫ ∞
0
∫ 1
−1
∫ 2pi
0
P−1/2←1/2dαd(cos β)bdb (25)
Perform the integration with respect to bdb first to obtain
σ(v) =
vL~
4πµB1
∫ 1
−1
∫ 2pi
0
(1 + 3s2)3/2
4− 3(1− s2) sin2(α)dαds (26)
where the transformation of variables s = cosβ was used.
Integrating over α gives
σ(v) =
vL~
4πµB1
∫ 1
−1
π(1 + 3s2)ds =
~v
µB1/L
(27)
The case for spin 1 can be done analytically using a
result from Ref. [18]. The parameters for the Majorana
spin flip can be converted to their parameters:
b1 = −b3 = −µB1v
L~
√
1 + 3 cos2 β
g1 = g2 = − µBb
L~
√
2
(
cos2 α
1 + 3 cos2 β
+ sin2 α
)1/2
(28)
9and b2 = 0. This leads to probabilities of the same form
as for the spin 1/2 system so that after integrating over
impact parameter and averaging over α, cosβ, the cross
sections have the same form:
σ1←−1 = σ(v) and σ0←−1 = 2σ(v)
σ−1←0 = 2σ(v) and σ1←0 = 2σ(v) (29)
where we have only included transitions out of the
trapped MF = 0,−1 states.
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